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The moments of a finite positive measure, compactly supported on the complex 
plane and absolutely continuous with respect to the Lebesgue measure, with a 
bounded weight, are characterized by a positivity and boundedness condition, 
referring to an associated discrete kernel on N* x N*. ‘? I988 Academic Press, Inc. 
INTRODUCTION 
The purpose of this note is to characterize the moments 
a mn = I 
zmi? dv(z), n,mEN, 
C 
of an arbitrary finite positive measure dv, which is compactly supported on 
C and is absolutely continuous, with a bounded weight dv/dpcz L”(C), 
with respect to the planar Lebesgue measure dp. Our approach uses the 
theory of the principal function of a hyponormal operator. 
The solution of the two-dimensional moment problem for finite measures 
goes back to the thirties (see Haviland [9]). The characterization of the 
moments of a finite positive measure, which in addition is compactly 
supported on C, has been more recently treated by different modern 
methods by Devinatz [7], Atzmon [l], Szafraniec [13], and others. Let 
us state, for later use, the following form of the solution of this last moment 
problem. 
THEOREM 1. The sequence (a,,)$, = 0 represents the moments (1) of a 
finite positive measure dv on C, with supp(dv) compact, if and only if 
(a) thekerneZk:N’~N*~C,k(p,q;r,s)=a~+.,~+,,p,q,r,sENis 
positive definite, and 
(b) the shift operator to (1,0) is bounded in the norm associated to k. 
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For a proof of the theorem see [l] or [13]. The terminology used in 
condition (b) will be explained in the sequel. 
The solution presented in this note to the moment problem stated at the 
beginning of this introduction is perfectly similar to Theorem 1, except the 
form of the kernel k, which is replaced by some polynomial expressions 
(depending on p, q, r, s) in the entries a,,,,,. Similarly to previous works on 
two-parameter moment problems, we derive our solution from an analysis 
of a pair A,, AZ of self-adjoint operators. This time, however, they are 
subject to the commutator condition $A r, AZ] > 0. 
The paper is organized as follows. Section 1 contains the statement of the 
main result, together with a few remarks on it. Section 2 gives a brief recall 
of the needed facts concerning hyponormal operators and Section 3 is 
devoted to the proof of the main result. 
1. THE FORMAL TRANSFORM OF THE MOMENTS SEQUENCE 
Let (a,,)$,=, be a double sequence of complex numbers with the 
property 
a mn = ~“,, m, nEN, 
and let 6 be a positive real. We associate to these data a function 
K,: N2xN2+C, 
which is analogous to the kernel k in Theorem 1. 
Consider two commuting indeterminates X and Y, and the formal series 
5 b,,X”‘+‘Y”+‘=l-exp -f f .,,x~+~Y~+~). (2) 
m.n=O k,l=O 
Notice that the expression under the exponential belongs to the maximal 
ideal m of the formal series C[ [X, Y] 1, so that the exponential function 
convergences in the m-adic topology. 
Let z = (1, 0) and q = (0, 1) denote the generators of the semigroup N*, 
and 8 = (0, 0) its neutral element. 
The kernel K6 will be recursively defined according to the following 
rules: 
(i) &(8, a) = K,(mq, nv) = b(a) for any c1= (m, n) E N*, 
(ii) &(a, /?)= Z&(/3, ~1) for any ~1, BEN*, and 
(iii) &(a + z, B) - &(a, B + rl) = EL0 &(a, rt) b(cc - (r + l)l), 
a, /?eN2. 
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We put b(a) = b,, for c1= (m, n) and we take by convention b(a) to be zero 
if at least one of the entries of a is negative. 
Since the matrix (a,,) was supposed to be hermitian, the rules (i), (ii), 
and (iii) are consistent and sufficient for the definition of Ks on N2 x N2. 
Next we recall some terminology needed in the statement of Theorem 2 
below. Let Y denote an abstract commutative semigroup. By a positive 
definite kernel K on Y we mean a map K: .Y x ,4p --, C, such that 
for every function f: Y + C with finite support. Let 5 denote the space of 
all those functions. If the kernel K is positive definite, then it endows the 
vector space F with a hermitian scalar product 
The shift operator S, associated to an element u E Y is defined on f E 9 
as 
if sEu+Y, 
otherwise. 
We may assume for our purposes that the element s - u is uniquely deter- 
mined by s and U. 
The linear operator S,: F -+ 9 extends to a bounded operator on the 
Hilbert space completion of 9 with respect o the norm I[./[ K if and only if 
there is a constant C > 0, such that 
1 K(s+u,t+u)fsX<C 1 K(w)fsJ: 
i,, E .‘y 5.1 t .Y 
for every f E 9. In this case we simply say that the shift S, is bounded with 
respect to the kernel K. See [13] for more details. 
Now we can state the main result of this note. 
THEOREM 2. The sequence (a,,,,):,, =0 corresponds to the moments (1) 
of a finite positive measure dv, compactly supported on C and absolutely 
continuous with bounded weight with respect to the Lebesgue measure on C, 
if and only if a,,,,, = a,,,,, for any n, m E N and if there is a constant 6 > 0, so 
that: 
(a) the associated kernel KS to (a,,) is positive definite, and 
(b) the shift Scl,Oj is bounded with respect o K,. 
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Moreover, in this case dv/dp < 8/n and supp(dv) is contained in a ball 
centered at 0, of radius IISCl,OJ 11 Ka. 
Remarks. (1) The reason for the condition amn = ci,,, to be stated 
explicitly in Theorem 2 is only the aesthetics of the definition rules of the 
kernel Kd. This condition may be dropped after an alternative choice of 
the generating rule (ii). However, the new form of (ii) looks a bit more 
complicated. 
(2) The nonlinear nature of the entries of the kernel K6, regarded as 
functions of am,,‘s, takes away from K6 the important feature of the kernel k 
appearing in Theorem 1 to be of the form 
k(a, PI = 4a + P*h a, B E N*, 
with suitable involution I‘*” on N* and function I: N* + C. 
(3) It foliows from the proof of Theorem 2 that, if the kernel K6 
satisfies conditions (a) and (b), then for any y 2 6, the kernel K, satisfies 
them too. Moreover, it will also be proved in the last section that 
ess - sup (dv/dp(z)) = inf{b/n, K, satisifes (a) and (b)). 
&-EC 
(4) We ignore a direct proof of Theorem 2, if it exists, or at least an 
explanation of the form of the kernel K,, not resorting to outer objects as 
hyponormal operators. 
2. THE BACKGROUND OF HYPONORMAL ANALYSIS 
Let H be a complex separable Hilbert space. A linear bounded operator 
T acting on H is said to be hyponormal if its selfcommutator is non- 
negative: 
[T*, T] = T*T- TT* > 0. 
If the operator T does not have a normal operator as a direct summand, 
then T is said to be pure hyponormal. 
By straightforward combinatorics with commutator identities one proves 
that the complex numbers 
( TmT*“& TPT*q<‘); n,m,p,qEN, 5, 5’ E R&T*, Tl, 
form a complete system of unitary invariants of the pure hyponormal 
operator T (see, for instance, [lo]). We have denoted by Ran A the closure 
of the range of the operator A. 
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Another type of unitary invariant of a pure hyponormal operator T, sub- 
ject to the additional assumption that [T*, T] is trace class, is the prin- 
cipal function g,, introduced by Pincus. Its existence in full generality was 
established by Carey and Pincus using the theory of the determining 
function [2] and agrees with the Helton and Howe measure du [8] defined 
by the formula 
trace[P(T, T*), Q( T, T*)] = n-1 
J 
(3P t3Q - 8P aQ) dq, (3) 
C 
where P and Q are complex polynomials of two variables. 
The order of the factors T and T* doesn’t affect the trace of the com- 
mutator, by the assumption on [T*, T]. The support of the principal 
function g, of the operator T is the spectrum of T, and is nonnegative and 
summable. Its invariance under unitary equivalence is immediate. For these 
topics see Pincus [ 111, Carey and Pincus [4], and the books of Clancey 
[S] and Xia [14]. 
For the rest of this section we assume that T is a pure hyponormal 
operator with rank [T*, T] = 1. This is the best understood class of 
hyponormal operators. In this case g, 6 1 and it provides a complete 
unitary invariant for T (see [ 11 I). Moreover, any integrable, compactly 
supported function g defined on C and such that 0 < g < 1 is the principal 
function of a pure hyponormal operator with one-dimensional selfcom- 
mutator (see [Z]). More exactly, the class of g in L’ determines T, and 
conversely. 
Let us denote [T*, T] = 5 @ <. R ecently, Clancey [6] has proved the 
formula 
((T*-w)-‘tJ,(T*-z)-‘r)=l-exp -~,,ce~,‘:‘,,L(i)), (4) 
( 
which is valid in an extended sense for every pair (z, W) E C*. However, we 
need (4) only for large values of IzI and 1~1, where it is a simple con- 
sequence of the determining function method, since the inverses exist and 
the integrand is obviously summable. For the significance of the kernel 
appearing in (4), see [4, 123. 
The last identity can be transformed into 
=I-exp( -~~~o(,ikrp,d~)r”li-“), (5) 
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which holds for large values of 1.~1 and 1~1, when the two series are 
absolutely convergent. 
The coefficients of the left side are among the discrete unitary invariants 
described at the beginning of this section. Since [T*, T] = 5 6 <, the 
complex numbers 
NT(a, /I) = ( TmT*“<, TPT*Yt), 
where a = (m, n) and /I = (p, q) run over N2, form a complete system of 
unitary invariants of T. In fact only the values 
AT(a)= <T”‘T*T, 5>, a=(m,n)EN’, 
appearing in (5) completely determine N,, and hence T. This fact follows 
from the next proposition, which is a particular case of [ 10, 
Proposition 5.21. 
PROPOSITION 1. Let N: N2 x N2 + C be a positioe definite kernel with the 
properties 
(1) the shift S, is bounded with respect to N, and 
(2) there is a function A: N2 + C, so that N(8, a) = N(mn, nn) = A(a), 
and 
N(a+z,j?)-N(a,/?+n)= f N(a,rt)n(B-(r+l)t), 
r=O 
for any a = (m, n) and /? in N2. 
Then and only then there exists a pure hyponormal operator T, with one- 
dimensional selfcommutator, such that N = N, and A = AT. 
The proof of the proposition uses only commutator identities and the 
well-known Kolmogorov factorization theorem of a positive definite kernel. 
Thus we have two complete unitary invariants for pure hyponormal 
operators with one-dimensional selfcommutator: the double sequence AT 
and the principal function g,. They are related by identity (5). 
The idea of the proof of Theorem 2 is to exploit in both sense this 
relationship, by knowing the ranges of the two parametrizations of the 
operators T. More precisely, g, may be any integrable function with com- 
pact support and such that 0 < g, < 1, and AT may be any sequence with 
the property that the hermitian kernel, built on A, by the rules in point (2) 
of Proposition 1, is positive definite and has property (1). 
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3. THE PROOF OF THEOREM 2 
Let f be an integrable function on C, with supp(f) compact and 
0 < f 6 M a.e. with M < co. Let g = f/M and take by the Carey and Pincus 
theorem [2] a pure hyponormal operator T with [T*, T] = < @ 4 and 
principal function g,, so that g, = g in L”. 
In view of relations (5) and (2) compared in the formal series ring, we 
get 
h,,, = < TmT*Y, 5 >, Cm, n) E N*, 
or, in other notations, b(a) = /i r(a) for any a E N*. 
Then Proposition 1 and the rules (i), (ii), and (iii) imply 
In the above, 6,, and K, are associated to the moments of the functionf 
Concluding, the kernel K,, satisfies conditions (a) and (b) in 
Theorem 2. 
Conversely, assume that the sequence (a,,) satisfies umn = a,,,, for any m, 
n EN, together with conditions (a) and (b) for a given constant 6 > 0. 
Then the kernel Kd fulfills the hypothesis of Proposition 1, whence there 
exists a pure hyponormal operator T, with [T*, T] = 5 @ 5, such that 
K,(a, P) = NAa, B) and b(a) = n.(a), 
for any a, /I EN*. According to (2) and (5) we obtain the relation 
which holds for Iz( and ( WJ large. 
By taking z = w, both expressions under exponential become positive 
(the matrix (a,,) is positive definite by a part of condition (a)!), therefore 
This proves the converse implication in Theorem 2. 
It remains to remark that, the norm of the shift S,, relative to the kernel 
N in Proposition 1, is precisely IlS, II,,, = (ITII (see [lo]). On the other 
hand, wp(gT) = 4 T) = WA II TII 1, and the proof of Theorem 2 is 
complete. 
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